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For media anisotropic (but not bi-anisotropic) in the comoving frame polarization relations
and dispersion equations are derived using bilinear forms and quadratic forms, respectively.
Specializations for media electrically anisotropic but magnetically isotropic (or vice versa) are
given using (left and right) eigenvectors and eigenvalues of the material tensors.

1. Introduction

Dispersion equations for electromagnetic waves
in anisotropic media are mostly represented as the
vanishing of the determinant of the matrix of a
Fourier transformed system of wave equations. The
ratios of subdeterminants are then used to represent
the corresponding polarization relations. This holds
for media at rest as well as for moving media. In
the latter case a four-dimensional covariant
representation of the fields and of the material
properties is adequate. Then the calculation of the
matrix elements in covariant form is rather involved
[1]. Therefore another method is used in the present
paper, viz. the representation of the dispersion
equation by quadratic forms and of the polarization
relations by bilinear forms. This will be done in a
three-dimensional form for media at rest and in a
four-dimensional form for moving media. In each
of the following Sects.2 through 7 the three-
dimensional calculations will be given at the begin-
ning and are then generalized to four dimensions.
The last Sect. 8 is devoted to a transformation of
polarizations based on Lorentz transformation of
field components.

Throughout the paper three-dimensional vectors
and tensors are written in symbolic notation (with
I as unit tensor), four-dimensional vectors and
tensors in index notation with Greek indices running
from 0 to 3. Dashed indices are merely labels count-
ing vectors and eigenvalues. Quantities in the
comoving frame are denoted by dashs. SI units are
used, a flat space-time is assumed and the media are
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anisotropic but not bi-anisotropic in the comoving
frame.

2. Maxwell’s Equations for Four-dimensional Fields

In this section we shall generalize the derivation
of the three-dimensional algebraic Maxwell equations

kxpl-B+w(e+io/w)-E=0, (2.1a)
EXE—wB=0 (2.1b)
from the original Maxwell equations

2 0
— xH——D=j,

d d
= "B—0, (2.
ox d RE+5B=0, 22

ox
and the constitutive relations
B=p-H D=¢E j=o-E, (2.3)

using the plane wave ansatz expi(k-x — wt).
In (2.1a) the tensors € and o appear only in the
combination

~

€e:=etic/w. (2.4)

To write Maxwell’s Egs. (2.2) in covariant form
we introduce the excitation tensor G and the field
tensor F defined by

(2.5)

Together with the four-dimensional current density
j*:= [co!j] and the tensor ([2], Chapter 11.9)
Frv:= LV F,, (2.6)

dual to F,, (with &7 as the Levi-Civita symbol)
Maxwell’s equations (2.2) in covariant form are
(for a flat space-time)

Q@Y =, 9, F=0. 2.7)
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The covariant forms of the constitutive relations
(2.3) are ([3]. Chapter 4; [4], eq. 2.1)

G = Le vy, Fru, (2.8a)
(0, + u? uy) ¢ = § 0%y F21 (2.8b)
with v as velocity and
ur = 20} [eiv] =:(1 —2v2[c2)"112[1 v/c] (2.8¢)
as the dimensionless four-velocity (v u, = —1).

The material tensors 4 and ¢ of order four and
three, respectively, can be represented by four-
dimensional material tensors e, %, ¢ of order two,
which are closely related to the three-dimensional
dielectric, permeability and conductivity tensors
€, n1, o, respectively. In the case of a medium
anisotropic (but not bi-anisotropic) in the comoving
frame the constitutive tensors 4 and ¢ are given
through ([3], Chapter 4; [4], Eq. (2.7))

M= (€7 uy — ¥y uz) uw”

— (&2 uy — ey uy) u? (2.9a)
+ €0 ;o %62 EVV90 Exyo U, UV,
0V = 0" Uy — 0¥y Uy . (2.9b)

In the comoving frame (denoted by a dash) the
four-dimensional material tensors &', %’ and ¢ of
order two are related to the three-dimensional
dielectric, permeability and conductivity tensors
€, and &’ by ([4], Eqs. (2.9), (2.11), (4.12), (4.13))

a0

(2.10¢)

with arbitrary values for the time components e,
ul, o

The constitutive relation (2.8b) merely connects
the conducting part (9;, -+ u”uy) j# of the current
density j# with the electromagnetic field tensor F24.
An equivalent constitutive relation for the total
current density j4, i.e. the sum of the conducting
and the convective part —wu,j#, would lead to
more complicated expressions ([4]. Sect. 3). This
suggests to project Maxwell’s equations (2.7) into
subspaces perpendicular and parallel to the
(dimensionless) four-velocity w”, i.e.

(0, + w” uy) Oy GHY = (0;, + u? uy) j#, (2.11a)
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Uy Oy GHY = wy (2.11Db)
(0, + uuy) Oy FL? =0, (2.11¢)
uy Oy FHy = 0. (2.11d)

In the comoving frame Eqgs. (2.11a and c) are the
usual three-dimensional Maxwell curl-equations
(2.2), the remaining ones (2.11b and d) are the
div-equations.

With the four-dimensional propagation vector
ky:=[— w/ci k] the plane wave ansatz reads
exp (1 kyx*). It replaces the differential operator 0,
in Maxwell’s equations (2.11) by ik,. To express
the results of the combination of Maxwell’s equa-
tions (2.11) with the constitutive relations (2.8) we
first represent the convection current density wu,j#
(using the algebraic continuity equation k,j" =0
and the constitutive relation (2.8b)) in the form

W= b )
- k ! Vi A 2.12
ﬁk.,u"" vzo';_u . (2.12)

Analogous to €:= €1 o/w (2.4) we introduce the
four-dimensional tensor & by
. i

&= — G’ .
ckyu?

(2.13)

Using furthermore the definition (2.6) of the dual
field tensor .# we obtain finally the following set of
algebraic equations for the field tensor F':

[e7799 kyy ug €0 o %62 UY €xpypo
— kyu? (81 uy — &y uy)] FAr =0, (2.14a)

kyevauy, FAu =0, (2.14D)
(8% + u” ug) b4 kyy Fyy =0, (2.14¢)
ug BV ey Fpy =0 . (2.14d)

The last step in this section is the representation of
the field tensor F in (2.14) by two four-fields

v :
E’-::F’-/‘uu:y[c-E E-+vXxB

(2.15a)

¢ B} := Frey, = L erovy, Fo,

_—_y[v-BjcB—: x E (2.15b)
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in the following manner:
Fiyu=uEy— Ejuy — epugpu’cBv. (2.15¢)

Insertion of this representation into Egs. (2.14)
vields the algebraic Maxwell equations for the four-
fields:

V90 Ly ug €0 o %52 ¢ By

+kyuve, B2 =0, (2.16a)

kyev, E* =0, (2.16b)

eV, u, By —kyuve B =0, (2.16¢)
ky,B?=0. (2.16d)

In the comoving frame equations (2.16) are the
three-dimensional algebraic Maxwell equations.
The spatial components of (2.16a, ¢) are Maxwell’s
algebraic curl-equations (2.1) written with the
tensor €:= €-+i o/w (2.4). The time components
y=0 of Egs. (2.16a, ¢) yield the identity 0=0.
Equation (2.16b) expresses the transversality of
the effective displacement vector € - E’ in the
comoving frame, i.e.

K-€¢-E=0,
while Eq. (2.16d) becomes
EF-B =0,

i.e. the transversality condition for B’ in the
comoving frame.

3. Algebraic Wave Equations for Eleetric
or Magnetic Field Components

To establish a dispersion equation and polariza-
tion relations from the three-dimensional Maxwell
equations (2.1) one must eliminate either B or E.
The choice depends on the material properties. This
will be discussed in Section 4. Upon eliminating
B = (k/w) X E (2.1b) one obtains

~

€

?—+n><,uox><n-E=0 (3.1a)
0
with the refractive index vector

i k d -1 3.1b
e o) eo uo SR = e

The decomposition of the reciprocal permittivity
tensor

w=xl+x—x)=:x[1+x—1] (3.2)
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into an isotropic part x| and an anisotropic part
%2(x—1) allows to introduce the longitudinal
projector nn/n2=1-+n x| X n/n? needed in Sec-
tion 4:

[e+nx(®x—l)xn—n2l+nn]-E=0 (3.3a)

with the relative effective dielectric tensor

€:= €/eo o - (3.3b)
On the other hand the elimination of
E=—¢€1: (klo)x H [2.1a]
leads to
©w
—+nxXegnxn|-H=0 (3.4a)
Mo
with
n:=¢€1l. (3.4b)
Its decomposition
n=nl+m—gh=:9l+H-N] (3.5

allows to introduce nn - H as follows:
[R+nx(n—D)xn—n2l+nn]-H=0 (3.6a)
with the relative effective permeability tensor

b= p/po o (3.6b)

Both algebraic wave equations (3.3a) and (3.6a)
are completely equivalent. For magnetically iso-
tropic media (with x=1) Eq. (3.3a) is more con-
venient than (3.6a), which in turn is more advan-
tageous than (3.3a) for electrically isotropic media
(with g = 1).

The generalization of the preceding procedure
for moving media means the elimination of either
B» or E; from the algebraic Maxwell equations
(2.16). Elimination of

CBQZ (l/ky u¥) Egﬁulkﬂu” E* [2.16¢]
yields as equation for the four-field E4
¥ kyug , B um
— Y90 0 | E*A=0.
£0 kyuv R Ho%e" Eopua kyuv 0
(3.7)

This is the generalization of Equation (3.1a). To
introduce a projector which is the generalization
of nn/n? we first decompose »%42 (2.10b) as

#g? =2 0% + (%52 — % 02)

—: 2 [8¢ + %o® — 02)] (3.8)
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analogous to (3.2). But the generalization of the
projector kk/k2 is not k¥ k;/k, k#. Instead of the
four-dimensional propagation vector k*:= [w/c k]
its projection perpendicular to the four-velocity u*
has to be used, expressed by the dimensionless four-
vector

1 kv

n? = *_Ty’u’v’ (6; + ur ul) kA= ’:* k;’q;y —u

The normalization with —k,u?=y(w—k-v)/c
has been chosen to obtain in the comoving frame

n'r — [0E ° k’J —[0in'], (3.9b)
)
i.e. the spatial components of »n'? are given by the
refractive index vector n':= ck’'/o’ (3.1b) in the
comoving frame.
From the definition (3.9a) of »n¥ there follows its
orthogonality with respect to u,, viz.

n¥ uy = 0 (3.10a)
and the relation
n'ny = k¥ ky/(kyuv)? + 1 (3.10b)

between the squared norms of #n” and &*. This allows
us to write

— k; E* = — (k; + kyu'/u;) E*

=mny E*kyuv, (3.11)

where the orthogonality u;E%=0 has been used,
following from the definition (2.15a) of E4.

With this result and with the decomposition (3.8)
of the tensor %42, the introduction of the vector n”
(3.9a), the relative effective dielectric tensor

& &) 1 (
&= =& —
Eopox &0 Mo %
and a relation ([3], Eq. (I.13.29)) for the contraction

e"¥¥0 ggpus of two Levi-Civita tensors, Eq. (3.7) for
E* can be written as

v
), (3.12
ck;,u'/ G}.)& (3 )

[ + ny g €7V (262 — 02) £0pus B Uk

—nyn? 0, +n'ny| E*=0. (3.13)

This is the generalization of (3.3a).
The generalization of (3.6a) can be obtained in
an analogous manner eliminating £* instead of B,
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and decomposing the reciprocal of &7, instead of
%52 (3.8).

In the comoving frame the time component
v=0 of (3.13) expresses the identity 0=0. The
space components y=1, 2, 3 are the three-dimen-
sional system (3.3a) for E’.

4. Polarization Relations and Dispersion Equations

To derive polarization relations and a dispersion
equation from the algebraic wave equation (3.3a)
without using the determinant and subdeterminants
we first separate the longitudinal vector nn - E
from the rest of Equation (3.3a):

C-E=nn-E (4.1a)
with

C=m2l—e—nxx—l)xn. (4.1b)
Multiplication of (4.1a) with C-1 yields

E=C1lnn-E. (4.2)

Because of the common factor n- E the ratios of
the three components of E are given by the ratios
of the three components of the vector C-1-n. The
representation (4.2) of E is already the expression
for the polarization relations.

At the first glance the E-representation (4.2)
seems to hold only for non-singular tensors C (4.1b).
The tensor C in (4.1a) becomes singular for vanish-
ing longitudinal component E - n/n of E, because
then (4.1a) becomes a homogeneous system for the
determination of the E-components. But even in
this case the adjoint of C does exist, defined by

C-A=A-C=1IldetC or
A:=CldetC. (4.3)

Therefore we can write the polarization relation
(4.2) as

E=A-n(n-E/detC). (4.4)

Now the ratios of the E-components are expressed
by the ratios of the components of A -n, which
always exist. Their explicit calculation will be done
in Section 7.

Multiplication of (4.2) with n and division by
n - E yields as dispersion equation

n-Clon=1. (4.5)

According to the discussion following Eq. (4.2) the
tensor C becomes singular for purely transverse E
(4.1a) and consequently C-1 does not exist.
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Multiplication of (4.5) with det € (or multiplication
of (4.2) with ndet C) yields the more general
dispersion equation

n-A-n—detC=0. (4.6)

In an isotropic medium with €e=%¢1 and %=1
we obtain €= (n2 —¢) | from the definition (4.1b),
yielding det C = (n2 —z)3 and A = (n2 —¢)2 |. With
det C=0(n- E) (4.1a) the polarization relation
(4.4) yields

E~ (n2—7%)n, (4.7)

and the dispersion equation (4.6) becomes
n2(n2 — 82— (n2—%)B =¢n2—%)2=0 (4.8)

with the double solution n2="¢. With this solution
the polarization expression (4.7) yields the vanish-
ing of the longitudinal component of E.

In an isotropic medium the dispersion equation
(4.8) could be expressed in the form € - A = 0. This
product of € and A suggests another form of the
general dispersion equation (4.5) or (4.6) for
anisotropic media. We multiply the polarization
relation (4.4) with € and obtain

€ E=¢-A-n(n-E/detC). (4.9)

Because of the algebraic Maxwell equation (2.1a)
the vector

¢ E= (E/Eo‘uo%)'EZ (e +to/w) Eleguox

is purely transverse. Its scalar product with n must
therefore vanish and we obtain the dispersion
relation in the form

n-ecA-n=0. (4.10)

For crystals with .= uol, 6 =0, i.e. €= €/¢p, this
form of the dispersion relation has been derived
already by Gibbs ([5], p. 397, eq. 14). For isotropic
media the result n2%(n2—%)2=0 is equivalent to
(4.8).

Instead of starting with the algebraic wave
equation (3.3a) one can as well choose its counter-
part (3.6a) where E has been eliminated instead
of H. Then E has to be replaced by H and in the
expression (4.1b) for the tensor C the tensor €
(3.3b) and % (3.2) have to be replaced by @ (3.6b)
and % (3.5), respectively. If the medium is mag-
netically isotropic % — | vanishes and C (4.1b)
simplifies to 7n21 — €. If the medium has an isotropic
dielectric and/or conductivity tensor, 9 — I vanishes
and the corresponding tensor C simplifies to
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n2l — . For a plasma the magnetic and dielectric
properties can mostly be ignored and therefore in
this case it is convenient to work with C=n2l — €.
Then € and C have the same eigenvectors; this
facilitates the inversion of €, as will be shown in
Section 5. In the most general case € (4.1b) and
the material tensors € and p have no common eigen-
vectors (even if € and g do have them). Then the
inversion of € is rather difficult and it might be
more convenient to establish the dispersion equa-
tion, as usual, by the vanishing of a determinant
than by a quadratic form (4.6) or (4.10).

To generalize the derivation of the polarization
relations (4.4) and the dispersion equations (4.6)
and (4.10) to moving media we define a four-
tensor C as the analogue to the tensor C (4.1b) by
means of (3.13) as

C7):=n,n? 8 — &,

— My Ug EVVV0 (%g? — O2) opuamPult  (4.11a)
and its adjoint 4 by
Chy A%y = A1, C% = i det C . (4.11b)

We write the algebraic wave equation (3.13) as
Cv, E* =nVn; E* (4.12)

analogous to (4.1a) and contract it with 4#,. We
obtain the polarization relation

E# = Abyn? (ny E*/det O) (4.13)

as the generalization of (4.4).

Contraction with n, and multiplication with
det C/n,E* yields the generalization of the dis-
persion equation (4.6) as

ny Abyn? —det C =0. (4.14)

To generalize the form (4.10) of the dispersion
equation we contract the polarization relation (4.13)
with the tensor €%, and obtain

Ay Bt = gry Akym? (ny Ev/det C) . (4.15)

According to the algebraic Maxwell equation (2.16a)
the vector &3 EA = (&%;/ &9 Lo %) E* is perpendicular
to ny, since n, ”799 k., u, vanishes because of the
definition (3.9a) of n,. Since the contraction of
&%, E# with n; vanishes, so does the right-hand side
of (4.15) and we obtain the dispersion relation in
the form analogous to (4.10) as

na ety Abyn? = 0. (4.16)



1152

In the comoving frame the tensor A’ is expressed
explicitly by

(4.17)

The spatial components A’ are given by (4.3) and
(4.1b) with all quantities dashed. The time com-
ponent A is arbitrary because of (2.10). The time
component 4=0 of (4.15) in the comoving frame
is the identity 0=0; the spatial components are
(4.9) with all quantities dashed. The dispersion
equation (4.16) becomes n’ - € - A’ - n’ = 0 (4.10).
Analogous considerations lead to the transition of
(4.13), (4.14) to the (dashed) expressions (4.4), (4.6)
in the comoving frame.

The considerations following the dispersion
equation (4.10) regarding the elimination of E
instead of H can be generalized to moving media.
Three-dimensional vectors and tensors have to be
replaced by their four-dimensional generalizations.

5. Representation of Polarization Relations and
Dispersion Equations with Eigenvalues and
Eigenvectors

For magnetically isotropic media with p=pul.
i,e. x=1 (3.2), the three-dimensional tensors C
(4.1b) and A (4.3) simplify considerably and we
denote them by

~

C:=n2l—¢€. (5.1)

A:—CldetC— (2l —&)1detC. (5.2)

Since the tensors € and C differ only by a tensor
proportional to the unit tensor I, they both have
the same left and right eigenvectors, say y# and
xg (@' =1,2,3). respectively. They are also the
eigenvectors of A (5.2). They satisfy the biortho-
normality relations

¥ - xy = O (5.3a)
and the completeness relation
3
D xgy? = (5.3b)
a'=1

for the three projectors x4, y2'. With this relation,
with the diagonal representations

3 R 3
€= Z o xgy?, C= z Co xa0 y%, (5.4a)
a'=1

a'=1
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X:

a

N

Ay %0y, (5.4Db)
1

where 2., O, and A, are the eigenvalues of €, é
and A, respectively, the definitions (5.1), (5.2) for

the tensors € and A can be written as relations
between the corresponding eigenvalues:

Co =n2 — &g, (5.5)
Ay = det C/(n® — 2a') = (02 — Bp) (02 — 20)
with a' b ==¢". (5.6)

The polarization relation (4.4) and the dispersion
equations (4.6) and (4.10) become ([6], eqgs. 6.12
and 6.13)

y¥-n
E=> = -E %/
f’xa n? 3, n (5.7)
n-x,y4Y-n
(Z i —1>detC:0 (5.8)
a n= — Eq’
Ozzgafzfarn-xa y%-n (5.9)
a
zn xgy¥ -n det C
2w
2a n2

For symmetric effective dielectric tensors € (like
those for crystals) left and right eigenvectors (for
the same eigenvalue) are equal (x,,=y%") and
therefore define principal axes. The expression
xg''n/n is the cosine of the angle between the
principle axis x4 and the wave normal n/n= k/k.
In this case the dispersion equation (5.9) is Fresnel’s
equation of wave normals ([7], § 14.2, Equation 21).

The generalization of the preceding calculations
to four dimensions is straightforward. The defini-
tions (cf. (4.11))

Cryi=nyn? & — &, (5.10)
Ar, Cvy = o4 det O (5.11)

can be written with the diagonal representations

3 3
= e ayyi, Cu=>Cualyl (5.12a)

a'=0 a'=0

3 ~ ’
Axy = Ao 2% o (5.12b)
a’'=0

as relations between eigenvalues:

w =MNyn? — gy, (5.13)
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Ay = det Cl(nyn? — 2yr) . (5.14)

The left and right eigenvectors y% and z%, (&' =
0,1, 2,3) are again biorthonormal and their pro-
jectors 2%, y3 form a complete set.

The representation (2.10) of the effective dielectric
tensor ¢, in the comoving frame leads to the
following representation of the eigenvectors in this
frame:

'y =u" ¥ =y, (5.15a)
2, =[0ix,], =[0iy'a], (5.15b)
a=1,2,3

with x,. and y'@" as the eigenvectors of the three-
dimensional effective dielectric tensor expressed in
the comoving frame. The eigenvalue gy’ and thus
Cy is arbitrary (2.10). The components of the
eigenvectors in the observer’s frame are obtained
by Lorentz transformation from the components
in the comoving frame.

With the diagonal representations (5.12) and
the completeness relation for the projectors 7, y%
the polarization relations (4.13) and the dispersion
equations (4.14) and (4.16) become

Yy
Eu="> o ————ny BA 5.16
Z nyn? — e i ( )
Ny 2 Yo "
(Z WY l)detC =0, (5.17)
e n,,n/— Eq’
0= ZE“ Ay ny 2t y* mv
Ny Ty y, n* det C
AZ BN ) n.,yn‘/
Ea’ ’n-y’ﬂ/
= (nyn? — 20) D a’ (nyn? — &) (5.18)
a'£ph +c’

S(nyn? — o) my al Y

Because of n?u,=0 (3.10a) the vector n” is ortho-
gonal to the eigenvector zy=u"=y; (5.15a).
Therefore the above sums of four terms (a' =
0,1,2,3) reduce to sums of three terms (a' =
1, 2, 3). Hence the arbitrary eigenvalue o does not
contribute to polarization and dispersion, and the
last expression of the dispersion equation (5.18) is
justified.
In the comoving frame Egs. (3.9b) and (5.15)
yield
n' x't n'-x,

‘n
W = W wwr = wE (5.19)
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and the Eqs. (5.16), (5.17), (5.18) become (5.7), (5.8),
(5.9) with all quantities dashed.

For symmetric effective dielectric tensors &%, =¢,*
left and right eigenvectors are equal, hence n,x; =
y“n’. In the comoving frame (5.18) becomes
Fresnel’s wave normal equation.

6. Principal Modes and Their Prineipal
Polarizations

In crystal optics principal waves, i.e. waves
propagating parallel to one of the principal dielec-
tric axes (eigenvectors), say x,’, have particular
properties. Their two values of n2 are equal to the
eigenvalues ¢epr/eg and ¢gc/eg (@' &=b"==c") of the
relative dielectric tensor €/gp ([7], Sect. 14.2.3a).
To obtain this result the symmetry of the dielectric
tensor € is essential, i.e. the equality of the left
eigenvectors y?' with the right eigenvectors x4 . To
generalize this result to media with non-symmetric
effective dielectric tensors (like magnetized plasmas),
the definition of principal waves must be recon-
sidered.

We investigate the condition under which one of
the two solutions of the dispersion equation (5.9)
for n2 equals an eigenvalue of €, say z,. To do this
we write this dispersion equation as

0= Ea'(n2 — &) (n® — Ec') n-x,y%-n
+ (n2 — &g)[Ep (N2 — &) xp Y om0
+ 2 (n2 —Ep)n-xpo ¥y - n]. (6.1)

We obtain the desired solution if and only if we
putn-x, =0orn-y? =0,i.e. for a wave propagat-
ing perpendicular to either x,- or y2’. In the limit
n2 — g, the difference n2 — &, is proportional to
n-xq, or n-y%, respectively. In the first case
(n - x4 —0) we conclude from the dispersion
equation (6.1) that the ratio (n%2— g )/n-y? is
proportional to the vanishing of n - x,- in the limit
n% — &,-. With this result the polarization relation
(6.7) requires the vanishing of n-E, i.e. the
transversality of E, and yields as polarization

E~ x4 . (6.2)
In the second case (n - y? — 0) the ratio

(12 — G-y

is in general finite. Therefore the polarization
relation (5.7) does in general not require the vanish-
ing of n - E and does not yield a simple polarization
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expression like (6.2). Therefore we define a ‘prin-
cipal mode” as a wave with n2= %, propagating
perpendicular to a right eigenvector =x4-. Its
“principal polarization™ is then E ~ x4 (6.2).
Inthe special case of uniaxial media, i.e. uniaxial
crystals and gyrotropic media (e.g. magnetized
plasmas) the symmetry axis plays a particular role.
Therefore one pair of eigenvectors, say x. and y¢’,
is parallel to it, the other eigenvectors are all
perpendicular to it. For waves propagating parallel
to x, =y¢ the dispersion equation (6.1) becomes

0 = (n2 — &q') €c' (n2 — €p’) M2 (6.3)
with the two solutions
n2 =%, and n2=7p . (6.4)

The polarization relation (5.7) requires again the
transversality of E and yields the two principal
polarizations ([7], Sect. 14.2.3a)

E~ x, and E ~ xp

(6.5)

for principal modes propagating parallel to x, =y ¢’
obeying (6.4).

In crystals with the identical cartesian sets of
eigenvectors x,s = y® (@’ =1, 2, 3) a principal mode
propagates always perpendicular to two pairs of
eigenvectors, say x,=y% and x5 =y%, hence
parallel to the third pair, say x. =y¢. Then (6.4),
(6.5) hold for all three principal axes ¢'=1, 2, 3.

The generalization of these results to moving
media is formally simple. The scalar products
n-x and y-n in (6.1) are replaced by n,2? and
yyn*. A principal mode has a four-vector n, per-
pendicular to a right eigenvector, say ., and has
the solution

nyn? =¢gg for myxy =0

(6.6)

of the dispersion equation (5.18). Since n, is always
perpendicular to «* (3.10a) the direction of n, is
determined by (3.10a) and (6.6). The polarization
relation (5.16) requires the vanishing of n; E4 and
yields the principal polarization

En ~ af

(6.7)

for the principal mode obeying (6.6). Since E?* is
perpendicular to u, (2.15a) the vanishing of k;E4
can be deduced from the definition (3.9a) of n* and
the vanishing of n; E4. But the vanishing of kjE4
does in general not imply the vanishing of k - E, as
can be seen from the definition (2.15a) for E2.
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7. General Calculation of the Polarization Relations

To calculate the explicit representation of the
polarization relation (4.4) we rewrite (4.4) as

E=A-n(nEr/det C) with

Ep:=E-n/n (7.1)

and introduce a transverse base g4, gB' (4'=1, 2;
B'=1, 2) with

gr-g¥ =0%, gan=0=gB-n. (12

Subsequent multiplication of Eq. (7.1) with the
transverse vector g; and gs, respectively, leads
with E4 := g4 - E to the polarization relations in
the form

E1:Ey:EL=g1-A-n:g2-A-n:(1/n)det C (7.3)

To generalize these polarization relations to
moving media we introduce two space-like four-
dimensional vectors

g :=[0igal, g&:=[0igP], (7.4)

whose space-parts g4-, g8’ form a transverse base,
cf. (7.2).

Subsequent contraction of the polarization rela-
tion (4.13) with ¢ and ¢5, respectively, yields

g By = glir A2 my(ny EYdet C) (7.5)
But the four-field
Ezzyl:-E§E+va [2.15a]

contains the magnetic flux B in addition to the

electric field E. We eliminate B with the three-

dimensional Maxwell equation k x E=wB (2.1b)

and obtain

v fw—v-k v ck
Bl = E*} (7.6)

c i (@) c )

Elzy[

Thus the inner products

C

PirBu="(0—v kg E=— o Rau B (1)
w .

C
are proportional to the transverse components
E4 = ga - E of the electric field. Therefore the
transverse polarization relations can be obtained

from (7.5) in covariant form as
Ei1:Es=g{ A0 ny:g5 Ay ny. (7.8)

To include the longitudinal component Ep :=
E - Kk/|k| (7.1) we have to show how it is contained
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in the factor n, E* of the polarization relation (7.5).
With (3.11), (7.6), (7.7) we can write

B — k;_E}' 1 cy 79
T T —kyur T —kyu* o (7.9)
w?\ v w—v-k
Bt =) B | k| By
2 /¢ c

Next we decompose the scalar product »- E in
transverse and longitudinal parts as

v
—E=glup 28 E
¥5 B =ty Ha g (7.10)

v k

+p TH| Ep,
insert this in (7.9) and obtain (with k2 — w?/c2=
ko k%)

(— kn u") n, E*

C
= kak® - wf(gy By + 93 E2)

k wv
+y|k|(k— 2 )EL. (7.11)
If we express the left-hand side of the polarization
relation (7.5) by (7.7) and the right-hand side by
(7.11) we obtain a system of two homogeneous
linear equations for the three components E;, Es,
E 1. The relations E; : E»: Ey, are then given by the
ratios of the three corresponding 2 x 2 matrices
calculated from the six coefficients of this linear
system. After some rearrangements we obtain as
polarization relations for all three components

c
E1:Eg:Eng’fA,/’n,,:g’z‘Au”n,:;|k| (7.12)

| (kaun)2det C — k* ky ud(ghet + g3g%) 447 my

wv
e (e7)

This is the generalization of (7.3) for moving media.
The longitudinal part cannot be expressed in a
completely covariant form.

8. Calculation of the Polarization Relations by
Transformation of the Field Components

In the preceding section polarization relations
for moving media have been derived. The resulting
expressions (7.12) are rather involved and make it
difficult to recognize explicitly the influence of the
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convection on the polarization. However, if we
consider only modes already present in the comoving
frame we can calculate the polarizations in the
observer’s frame by Lorentz transforming the field
components in the comoving frame.

The transformation of a three-dimensional field
vector (e.g. the electric field E) is given by ([8],
Egs. (2.16b), (2.6a), (2.6h), (2.6]))

E=yV-(EE—vxB) (8.1a)
with
Vol vv 1 vo 8.1h

Eliminating the magnetic flux B’ by Maxwell’s
equation (2.1b) one obtains the transformation of
the electric field alone ([9], p. 229, Eq. (22))

E=A-E'. (8.2a)
The transformation matrix A is given by
o +k-v
A=y——-1 8.2b
y——; (8:2b)
v 3

~lp= )y

We substitute &' and o’ by their Lorentz trans-
formed counterparts ([8], Egs. (3.26), (2.2), (2.6¢))

k':V‘l-(k———), o' =yw—k-v), (83)

and obtain after some manipulations

A:[wl—ykv—w(y—1)2]/y(w—k-v).

(8.4)

vz

Choosing a coordinate system with the es-axis
in the direction of the three-dimensional wave
vector k= (0, 0, k), we can define transverse and
longitudinal polarizations Q7 and @, as

Qr:=E1\|Es, Qr:= E3/E;.

In order to simplify the expressions we fix the
transverse basis system so that es is perpendicular
to the velocity v= (vr, 0, vz). Polarizations with
respect to another transverse coordinate system
can be easily calculated by an appropriate trans-
formation. According to the special choice of the
coordinate system the following components of the
transformation matrix (8.4) vanish:

A21 = Ajp= Aoz = A32=0.

(8.5)

(8.6)
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Thus the polarizations Q7 and @y, in the observer’s
frame can be expressed by the corresponding
polarizations in the comoving frame as follows:

Eq An E| + A3 B

Qr:= By = Ang (8.7a)
= j:l Gk 0
A A ;
“ ¥ T

The above expressions show that one has to know
both polarizations in the comoving frame to
calculate one of the polarizations in the observer’s
frame by transformation. Insertion of the explicit

expressions for the components of A (8.4) into
Eqgs. (8.7) leads to
’l)2 T Q}L
QT:[l e —y)]@ — (=95 Q.
(8.8a)
v E-v] |
G =s [lomegel = ] ==y (8.8b)
v VL, I kxv l ,
If we neglect terms of order v2/c2 we obtain
Qr = Qp + 0(2e?), (8.9a)
owo—k-v ]k X v‘
QL = w QL — —QT (8.9h)

Thus the transverse polarization @7 is influenced
by the convection only through terms of order
v2/c2. The coeffcients in Eq. (8.8a) depend only on
the velocity and not on k/w. They are real. Thus
linear polarizations Q. @, in the comoving frame
vield a linear transverse polarization in the ob-
server’s frame.

The longitudinal polarization is much more
influenced by the convection because of the terms
v-kjo, |v X k|/ow in (8.9b). These terms, propor-
tional to the absolute value of the wave vector, can
take large and in general complex values (for media
with losses). The transformation can alter the
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polarization decisively, i.e. a linear polarization in
the comoving frame becomes elliptical.

In the special case of the wave propagation
parallel to the velocity v (v = 0) the exact Egs. (8.8)
become

, w—kv ,
RQr=Qp. QL= y——J—QL for k| v. (8.10)
The transverse polarization remains unaltered.
The longitudinal polarization is proportional to its
value in the comoving frame. The proportionality
factor is the relativistic Doppler ratio. For lossy
media it becomes complex. Then a linear or circular
polarization in the comoving frame becomes
elliptical in the observer’s frame.
In the case of the wave propagation perpendicular
to the convection (v, =0) Eqgs. (8.8) become
kv | ,
QG=—y" @ +6

Qr=1vyQp. fork | v.

(8.11)

This shows again the strong influence of the con-
vection on the longtudinal polarization. The
transverse polarizations Qr, @ are related with y
as proportionality factor.

9. Concluding Remarks

In this paper the main aim had been to derive
results for media whose anisotropy (in the comoving
frame) is as general as possible. Therefore Sects. 2,
3.4, 7, 8 hold for media anisotropic for electric as
well as for magnetic properties. In Sects. 5 and 6
eigenvectors and eigenvalues have been introduced
restricting the results therein to media magnetically
isotropic (in the comoving frame). By a suitable
change of variables the results of Sects. 5 and 6 can
as well be used for media electrically isotropic but
magnetically anisotropic (in the comoving frame).
No assumptions have been made about the (left
and right) eigenvectors of the material tensors.
In a subsequent paper the results will be specialized
for gyrotropic media (without spatial dispersion),

e.g. magnetized cold plasmas.
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